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Abstract 
A computational method for the prediction of the bursting frequency associated with the 
coherent streamwise structures in high-speed compressible turbulent boundary layers is 
presented.  The structures are described as wavelike disturbances of the turbulent mean 
flow.  A direct resonance theory is used to determine the frequency of bursting.  The 
resulting hydrodynamic linear stability equations are discretized by using a Chebyshev 
collocation method.  A global numerical method capable of resolving the entire 
eigenvalue spectrum is used.  Realistic turbulent mean velocity and temperature profiles 
are applied. For all of the compressible turbulent boundary layers calculated, the results 
show at least one frequency that satisfies the resonance condition.  A second frequency 
can be identified for cases with high Reynolds numbers.  An estimate is also made for the 
profile distribution of the temperature disturbance. 
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Nomenclature 
A amplitude for temperature fluctuation 
Ci coefficient matrices in equation 16 
D2 lambda matrix of degree two 
M Mach number 
N number of grid points 
Re Reynolds number 
T mean temperature 
Tr wall recover temperature 
T ′  temperature fluctuation 
U mean x-component of velocity 
a coefficient in equation 9 
b coefficient in equation 9 
c waves peed 
i 1−  
kmax local maximum turbulent kinetic energy 
p̂  mode shape for pressure 

r recovery factor 
sp stretching parameter 
T̂  mode shape for temperature 
û  mode shape for x-component of velocity 
τu  friction velocity 

v̂  mode shape for y-component of velocity 
ŵ  mode shape for z-component of velocity 
x x coordinate 
y y coordinate 
z z coordinate 
f~  solution vector 
y  transformed y coordinate 
ω  dimensionless frequency 
ω * dimensional frequency 

+ω  2*
τυω uwall    

α  wave number in the x-direction 
β  wave number in the z-direction 

+β  wallu βυτ /  
δ  boundary layer thickness 

*δ  boundary layer displacement thickness 
η  y-component of vorticity 
µ  dynamic viscosity 
υ  kinematic viscosity 
λ  bulk viscosity 
γ  ratio of specific heats 
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1.0 Introduction 
 

Large-scale coherent structures have been observed in incompressible and compressible turbulent 

boundary layers. They exist in the near-wall as well as the outer regions and are believed to be responsible 

for maintaining the turbulence in the boundary layer. Comprehensive reviews of their behaviors can be 

found in the literature.1,2 In the near-wall region, alternating streaks of low- and high-speed fluid (relative to 

the mean) have been observed,3 supporting a view that counter-rotating streamwise vortices exist very near 

the wall.  The quasi-deterministic occurrence of these large-scale organized structures and the production of 

turbulence associated with the violent eruption of the near-wall fluid are collectively referred to as the 

bursting process.  The fluid dynamic processes described by the term bursting vary slightly since its first 

use.4 It is, nevertheless, generally believed that the bursting process is of critical importance to the 

development of turbulent boundary layers.  

 

Due to the necessary resolution of scales, experimental results focusing on the near-wall region are 

primarily limited to low Reynolds numbers and subsonic speeds.  The spanwise spacing of the near-wall 

structures has been reported to be about 100 based on the near-wall viscous length scale by many 

experiments.3,5 The frequency of bursting has also been of intense interests. Partly because of the subjective 

nature of the current experimental methods devised to detect the bursting process, there is less of a 

consensus regarding the frequency of the bursting process and its scaling.6 As most of the turbulence 

production in the boundary layer occurs in the near-wall region,7 the time scale of the bursting process is 

dynamically important to further a fundamental understanding of the development of turbulent boundary 

layers.   

 

The frequency of bursting is of practical interests to high-speed aerospace applications.  The dynamics 

of the boundary layer structures may also be important in the acoustic noise generation and propagation 

from high-speed engines. 
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Computational models for the coherent near-wall structures in incompressible turbulent boundary 

layers have been proposed.8-10   It has been shown11 that the statistically dominant streamwise fluctuation 

exhibits wavelike characteristics, suggesting that a hydrodynamic wave description for the streamwise 

structures can be applicable.  Models based on hydrodynamic stability theory for the coherent structures in 

both the outer and the near-wall regions of flat-plate boundary layers were reported.9,10 Jang et al.8 

proposed a direct resonance theory to describe the bursting events.  The structures are described as 

wavelike disturbances of the turbulent mean flow. They argued that, based on a weakly nonlinear analysis, 

resonance between the vertical velocity and the free mode of the vertical vorticity equations could occur. 

Using a temporal stability analysis and a shooting method, they have predicted a bursting frequency, 

nondimensionalized by the viscous scales, of 0.09 for incompressible turbulent boundary layers, which 

agrees well with experiment data.11 They have also showed that the secondary mean flow induced by the 

resonant discrete mode contains streamwise vortical structures. The shape of the predicted structure and the 

spacing of the accompanying low-speed streaks are comparable to those observed in experiments.   The 

direct resonance model has been applied to examine the more realistic spatially developing disturbances in 

incompressible turbulent boundary layers.12 A numerical solver BURFIT (BURsting Frequency Prediction 

in Incompressible Turbulent Boundary Layers) has been developed and described in a Sandia Report 

SAND2000-0221.  The calculated bursting frequency is 0.0962. 

 

Note that a linear analysis has been used, with the calculated turbulent mean velocity profiles as the 

basic flow, to approximate the local characteristics of the coherent large-scale structures in incompressible 

turbulent free mixing layers.13 A three-component decomposition of the flow quantities, same as that used 

in the present study, equation (1), was applied and a predictive turbulence closure model was developed by 

describing the dynamics of the large-scale coherent structures with a weakly nonlinear theory.  The results 

show that the calculated mean velocity, the Reynolds shear stress and the dynamic evolution of the 

structures agree well with experiments.  This and the other studies cited above indicate that the instability 

wave descriptions of the coherent structures are viable models for simple free and bounded shear layers. 

 

 10 



In this paper, a computational method for the prediction of the bursting frequency in compressible 

turbulent boundary layers is presented.  The methodology is developed based on an extension of the 

incompressible direct resonance model8 to high-speed boundary layers.  The result will show that the 

present compressible formulation predicts the same bursting frequency as that obtained in Liou et al.12 for 

incompressible turbulent boundary layers. Therefore, the present formulation is applicable to both 

incompressible and compressible turbulent boundary layers.  It should be noted that it is not an intension 

here to build a turbulence closure model for the mean flow or the dynamic evolution of the streamwise 

coherent structures in compressible boundary layers.  

 

 It is stated in Morkovin’s hypothesis14 that “the essential dynamics of these shear flows will follow the 

incompressible pattern” for small fluctuating Mach numbers.  In the absence of strong sources of mass and 

heat, the hypothesis has been found applicable to boundary layers of free stream Mach numbers less than 4 

or 5.2 The hypothesized dynamic similarity between the incompressible and the compressible turbulent 

boundary layers is invoked in this exploratory application of the direct resonance theory to the 

compressible regime.  Fluid property variations accompanying that of temperature are considered.  Note 

that there may be other compressibility effects that play a role in the near-wall region of supersonic 

turbulent boundary layers where the flow gradients are large.  There is, however, little substantive 

experimental evidence to support such conjectures.   

 

In the following section, the present compressible formulation of the direct resonance model and the 

numerical methods used are described.  Results are presented for compressible boundary layers with 

various Reynolds numbers and free stream Mach numbers.  A computer code BURFICT (BURsting 

Frequency Prediction in Incompressible and Compressible Turbulent Boundary Layers) contains a Fortran 

implementation of these methods and the results shown here have been obtained by using BURFICT. 
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2.0 Formulation 

Bursting Mode Frequency 
Turbulence quantities, f, are decomposed into three components8:  

 

ffFf +′+=         (1) 

 

where F represents a long-time average of f, f ′  the wavelike component of f, and f  the background 

fluctuation.  Substituting equation (1) into the Navier-Stokes equations, followed by a linearization of the 

disturbance quantities, the equations governing the mode shapes of the three velocity components, u,v,w, 

pressure  and temperature p T are  
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Equation (2) has been derived by assuming a normal mode solution for spatially developing wavelike 

disturbances in a locally parallel mean flow, i.e., 

 

)](exp[)](ˆ),(ˆ),(ˆ),(ˆ),(ˆ[),,,,( tzxiyTypywyvyuTpwvu ωβα −+=′′′′′    (3) 

 

Equation (2) has been nondimensionalized by using the free stream quantities  and the boundary layer 

displacement thickness . In equation (2), U and T represent the streamwise mean velocity and mean 

temperature in the turbulent boundary layer. (

∞F

*δ

jl µλ /+= j ) represent  constants related to the fluid 

viscosity, µ and λ .  The cross-correlations between the turbulent fluctuations have been neglected 

because of their assumed disparate time scales.  The Reynolds stresses associated with the random 

background fluctuation are also neglected in the formulation, as the transport processes are assumed 

predominantly large-scale. Equation (2) governs the mode shapes of the wavelike disturbances f’ about the 

mean flow F in terms of the complex streamwise wave number α , the spanwise wave number β , the 

frequency ω , the flow Mach number M and the Reynolds number Re. With these assumptions, the 

resulting equations become the linear hydrodynamic stability equations for compressible fluid flows.15,16  

 

              In this study, the bursting frequency ω  of the coherent structures in compressible turbulent 

boundary layers is sought using the direct resonance model.  The condition for direct resonance can be 

written as, 

 

Re),,,(Re),,,( McMc VVCME βαβα =      (4) 
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where  and  represent the wave speeds  associated with the continuity, momentum and energy 

equation (CME) and the free mode of the vertical vorticity (VV) eigenvalue problems, respectively. The 

equation for the vertical vorticity 

CMEc VVc

η can be written as 
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In this study, the mean velocity and temperature profiles of the turbulent boundary layers have been 

obtained from the numerical solutions of a Navier-Stokes equation solver.17    Efforts were taken to ensure 

convergence in not only the U and T profiles but also their derivatives that were used in the stability 

equations. 

 

The boundary conditions on the isothermal wall are  

 

0ˆˆˆˆ ==== wTvu          (6) 

 

A wall boundary condition for the pressure disturbance can be obtained by substituting equation (6) into 

equation (2c).  The resulting equation can be written as 
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The boundary conditions at the freestream are that all disturbances vanish at the far field. 
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Bursting Mode Temperature Fluctuation 
The temperature distributions associated with the bursting mode can be obtained by using the 

following relation, 

)](exp[)(ˆ tzxiyTAT ωβα −+=′               (8) 

where A represents an amplitude.  An estimate for the local amplitude can be obtained by using the Strong 

Reynolds Analogy (SRA). The resulting equation becomes, 
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2γ                (9) 

       q                  (10) max2k=

where kmax  denotes the local maximum turbulent kinetic energy that can be extracted from the mean 

equations solver.   The energetic bursting of the turbulent structures near the wall are assumed to dominate 

the events that contribute to the peak turbulent kinetic energy.   a and b represent the ratio of the normal 

and spanwise components of the turbulent kinetic energy to that of the streamwise component, respectively.    

 

3.0 Numerical Methods 
 

 Various numerical methods for solving the stability equations like equations (2) and (4) have been 

used in the literature.15,16,18-23 In the present study, the equations have been discretized by applying the 

Chebyshev collocation method.24  The Gauss-Lobatto collocation points are used in this study. 

 

),,1,0()/cos( NiNiyi == π        (11) 

 

where N+1 represents the total number of collocation points. The approximated solutions for the 

disturbances can be written as 
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The approximation simultaneously interpolates the solution at the collocation points. That is, 

 

ijji y δϕ =)(           (13) 

 

An algebraic mapping has been applied to map the Chebyshev domain ]1,1[−∈y  to the semi-infinite 

physical domain, y, 
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ps  denotes a stretching parameter. The resulting homogeneous system of equations forms an eigenvalue 

problem that is nonlinear in the parameterα .  For equation (2), it can be written as 
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 denotes a vector containing the solution variables  at the collocation points. The 

matrix represents a lambda matrix of degree two and can be expressed as a scalar polynomial with 

matrix coefficients: 
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With the inclusion of the boundary conditions, the matrices become square matrices of order 5x(N+1). 

A linear companion matrix method23 is used to linearize the lambda matrix. The resulting algebraic 

eigenvalue problem can be written as, 
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The eigenvalue problem has been solved by using the subroutine ZGEEV of LAPACK.  

 

For the vertical vorticity equation, the system of equations can be written as 

 

0)(D2 =ηα           (18) 

 

The eigenvalue problem can be solved by using the procedure outlined above. 

 

 The resonance in the stability problem occurs when there is a set of parameters ( ωβα ,, ) for 

which the solution of equations (2) and (4) exist for given distributions of the mean velocity and 

temperature, and the Reynolds number.  To locate the resonance mode, the following equations are solved, 
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where  and c  denote the real and the imaginary parts of the complex wave speed c, respectively.  rc i

 The eigenvector associated with the bursting modes can be obtained by using an inverse iteration 

method23, 

ff ~~D2 α=           (20) 

 

 In the following section, results of the validation of the numerical tools are first described.  The 

predictions of bursting frequency in compressible turbulent boundary layers of different Mach numbers and 

Reynolds numbers are presented. 
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4.0  Results 

Validation 
 

 The linear stability problems of equations (2) and (4) have been solved using the Chebyshev 

collocation method.  To validate the numerical solver developed for this study, the linear stability results 

for incompressible and compressible boundary layers have been computed and compared with previous 

results.  Comparisons are shown in Figures 1, 2 and Tables 1, 2.   

 

First, an analytical velocity profile, 

 

432 22 YYYU +−=          (21) 

 

has been assumed, where δy=Y . δ denotes the boundary layer thickness. The use of equation (17) 

allows a direct validation of the numerical solver developed in the current study of compressible boundary 

layers with that used for the incompressible cases.12 The temperature distribution can be related to the 

velocity profile through the energy equation.  The results can be written as, 

 

})11()1({ 2U
T

UrrTT
r

r −−−+=         (22) 

 

where  denotes the wall recover temperature and rT r  the recovery factor (= rw TT ).  For the present 

validation, the free stream Mach number was set at 0.001.  

 

  Figure 1 shows the calculated wave speed spectrum of equation (2) for a plane mode of 

=8,000 and δRe .2354.0=ω  The complex wave speed spectra obtained by using the Chebyshev 

collocation method are given for various grid numbers.  The result obtained by the incompressible BURFIT 

code has also been included for comparison. The Chebyshev collocation method shows a very good 
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prediction of the discrete spectrum with only 41 grid points.  The continuous part of the spectrum is also 

seen to approach that from the incompressible code as the number of grid points increases.   
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Figure 1. Complex wave speed of equation (2), polynomial velocity profile. 

 

As can be seen in Figure 2, for the free mode of the vertical vorticity equation, the discrete 

spectrum is also resolved quite well for N=81 and the continuous part of the spectrum overlaps that of the 

incompressible result for N=201. 

Table 1 shows a comparison of the calculated eigenvalues for the Blasius boundary layer with 

Re=1,000, ,07.0=ω  and .12.0=β  The calculated discrete modes obtained by using various numbers of 

grid points are compared with previously published data.25  There is a good agreement between the current 

calculations and the data, particularly for cases with a high number of grid points N.  Table 2 shows a 

comparison of the calculated eigenvalues for a M=4.5 supersonic boundary layer.18  The present results 

obtained with N=121 agree well those obtained by using the different numerical methods.18,21     
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Figure 2. Complex wave speed of equation (4), polynomial velocity profile. 

 

 

Table  1. Comparison of the calculated eigenvalues for the Blasius boundary layer with Re=1,000, 

,07.0=ω  and .12.0=β  

)00420.0,19861.0 −=α 24 

N α  

21 (0.199086, −0.00242427) 

41 (0.198624, −0.00420748) 

81 (0.198611, −0.00420091) 

201 (0.198610, −0.00420033) 

301 (0.198610, −0.00420001) 
 

 

Table  2. Comparison of the calculated eigenvalues for the supersonic boundary layer of M=4.518 

Re=1,500, ,23.0=ω  and .0=β , 4CD: fourth-order compact difference, MDSP:multi-domain spectral 

collocation, 4CTD: fourth-order central difference. 
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Present (0.253406,  −0.00249213) 

Malik18       MDSP 
                 4CD 

(0.2534048, −0.0024921) 
(0.2534081, −0.0024932) 

Chang21      4CTD (0.253469,  −0.00249491) 

 

 

 

Bursting Frequency Predictions 
 

 For an incompressible turbulent boundary layer with Re of 1,000, the bursting frequency 

(=+ω 2*
τυω u ) has been found to be 0.0962.12  and u  denote the frequency, kinematic viscosity and 

the friction velocity, respectively. Figure 3 shows the calculated eigenvalue spectrum at this resonance 

condition using the current solver.  For comparison with the incompressible result, the temperature profile  
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Figure 3. Complex wave speed at resonance in an incompressible turbulent boundary layer. 

 

 21 



has been set uniform.  An overlap of a discrete mode for the CME and the VV equations can be clearly 

identified and the overlapped mode is in a good agreement with the resonance mode obtained by using the 

incompressible solver BURFIT.   

 

 To identify a resonance mode for compressible boundary layers, equations (2) and (4) are first 

solved.  Resonance occurs when the solution to the resonance condition, equation (19), is found.  Equation 

(19) is nonlinear in its parameters and the solution involves an iteration process.  A LAPACK routine 

HYBRD is used to solve equation (19).   

 

The compressible turbulent boundary layers studied here have been extensively examined and 

documented26-28 and are appropriate to use in the present study.  The surveyed station has a Reynolds 

number, based on the displacement thickness of 0.0063 m, of 421,247. The associated eigenvalue spectra of 

equations (2) and (4) are shown in Figure 4, where the values of ω and β  used have been determined by a 

viscous scaling of the  and  of the incompressible resonance mode.  Figure 4 shows that the 

eigenvalue spectra of equations (2) and (4) consist of multiple discrete, damped modes and none of the  
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Figure 4. Wave speed spectra of the compressible turbulent boundary layer, M=2.85, Re=421,247, 

2706.8=ω . 
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discrete modes satisfies equation (19), which, according to the direct resonance model, identifies the 

bursting frequency. The result indicates that the near-wall viscous scaling is not appropriate for correlating 

the bursting frequency in incompressible turbulent boundary layers with that in the compressible turbulent 

boundary layer studied here.  Note that since the asymptotic forms of both equations at the far field admit 

oscillatory, decaying solutions, there is an overlap of the continuous part of the spectra22,29 for all 

frequencies.  This overlap of the continuous spectra is not considered in solving equation (19) in the present 

study. 

 

To locate the bursting frequency in the supersonic boundary layers, equations (2), (4) and (19) 

were solved as described above.  In this study, possibilities for resonance to occur to the least damped 

mode with the lowest wave speed were examined.  It can be argued that this is the mode that is most likely 

to be involved in a resonance.  The iteration or the search for the resonance mode has been performed by 

solving equations (2), (4) and, (19) at every iteration step.  Due to the nonlinear nature of equation (19), the 

process is time-consuming, especially when the initial values of ω  and β  have not been set appropriately.  

In this study, the iteration is considered complete when the L2 norm of the residual of equation (19) has 

dropped below 10-2.   Figure 5 shows a typical history of convergence, which takes nearly 50 iterations to 

complete. 
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 Figure 5. History of convergence. M=4, Re=421,247. 
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For the supersonic boundary layer of Mach number 2.85 and the Reynolds number of 421,247, 

two bursting frequencies have been identified.  The values of ω  are 0.104 (frequency 1) and 0.659 

(frequency 2), respectively.  The corresponding dimensional frequencies are 1.515 kHz for frequency 1 and 

9.605 kHz for frequency 2.  Their eigenvalue spectra are shown in Figures 6 and 7.  The wave speed 

associated with frequency 2 is located closer to the continuous part of its spectrum than that of frequency 1.  

Note that the number of grid points used is 170 and the computed eigenvalues do not change in any 

significant way with reasonable changes in other parameters, such as the value of s  and the size of the 

computational domain.  The results presented in Figures 6 and 7 and in the following have been obtained 

with =0.5.  Attempts have also been made to find solutions of equation (19) based on the other discrete 

modes.  These searches failed to identify any additional bursting frequencies. 
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Figure 6. Wave speed spectra at bursting frequency 1 in the compressible turbulent boundary layer, 

M=2.85, Re=421,247, 104.0=ω . 
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Figure 7. Wave speed spectra at bursting frequency 2 in the compressible turbulent boundary layer, 

M=2.85, Re=421,247, 659.0=ω . 

 

The effect of the Reynolds number on the bursting frequency predictions is shown in Figure 8.   
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Figure 8. Bursting frequencies in the compressible turbulent boundary layers, M=2.85. 
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For all the Reynolds numbers calculated, ranging between 267,475 and 668,689, the low frequency of 

0.104 satisfies the resonance condition.  It appears to be not sensitive at all to the changes in the Reynolds 

number.  The high bursting frequency (frequency 2) identified for Re=421,247 has also been found to 

satisfy the resonance condition and its value insensitive to the variation of the Reynolds number.  This is 

true, however, only for large Reynolds numbers, in this case, higher than 401,216.  For boundary layers of 

lower Reynolds numbers, the iteration procedure described above has not identified a converged solution 

near frequency 2 (ω =0.659).  For example, the eigenvalue spectra for Re=374,466 at frequency 2 are 

shown in Figure 9.  Neither the spectrum of equation (2) nor that of equation (4) appears to have any  
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Figure 9. Complex wave speed spectra for a compressible turbulent boundary layer, M=2.85, Re=374,466. 

 

discrete mode that can be identified with ease.   Figure 10 shows the variation of with the Reynolds 

numbers. A gradual decrease with the Reynolds number can be observed for both frequencies.   Overall, the 

values of for the compressible cases tested are one order of magnitude smaller than that in 

incompressible turbulent boundary layers,12 mainly due to the high skin friction velocities.   

+ω

+ω

 

 26 



2.0E+05 4.0E+05 6.0E+05 8.0E+05
Re

-0.002

0

0.002

0.004

0.006

0.008

0.01

0.012

ω
+

Frequency 1
Frequency 2

 

Figure 10. Bursting frequency in the compressible turbulent boundary layers. 

 

 The free stream Mach number has been increased to 4.0 while keeping the Reynolds number at 

421,247 by reducing the displacement thickness of the boundary layer.  The results show that frequency 1 

(ω =0.104) remains a resonance frequency for this particular boundary layer. The history of convergence 

for this calculation has been shown in Figure 5.  On the other hand, the iteration procedure did not converge 

to a solution that satisfied equation (19) near frequency 2.  Recall that for the same Reynolds number, both 

frequencies have been identified as the bursting frequencies 1 and 2 in the boundary layer with a 2.85 free 

stream Mach number.  It, then, appears that one of the two bursting frequencies does not scale with the 

outer time scale ∞U*δ . 

 

Temperature Fluctuation Estimation 
  

 Figure 11 shows estimated profiles for the real and the imaginary parts of the temperature 

fluctuation for M=2.84 and Re=421,274. The bursting frequency is 0.104 (frequency I).  The values of a 

 27 



and b used are set constant of 1.1/8.0 and 2.5/8.030 and 2Uq is set at 0.1.  The time and space coordinates 

are set at zero.  Variations can be observed near the wall. 

 

Figure 11. Temperature fluctuation. M=2.85. Re=421,274. 

 

5. Concluding Remarks 
 

The paper describes a computational method for the prediction of the bursting frequency in high-speed, 

compressible turbulent boundary layers.  It is developed based on the direct resonance theory.  The linear 

stability solver developed has been validated for the linear stability of incompressible and compressible 

boundary layers. The computational method has been applied to compressible boundary layers of various 

Reynolds numbers and Mach numbers. The results suggest possible multiple frequencies of bursting in the 

compressible boundary layers calculated.    

 

Although there is evidence indicating that the computational method developed in this study for 

compressible boundary layers produces in satisfactory manner information obtained in a high-speed flight 

test, there is a need for more complete and accurate compressible experimental data to further assess the 
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approach. Until such compressible near-wall flow structure data become available, the present 

computational method represents a unique way to meet the current demand for an engineering prediction 

capability for the bursting frequency in incompressible and compressible turbulent boundary layers. In 

addition, the results of this study may also serve as a guide for future experimental studies of high-speed 

turbulent boundary layers. 

 

Assumptions were made in order to derive an expression for the temperature disturbance based on the 

local analyses.  Nonlinear evolutions of the dynamics of the structures can be studied to refine the 

estimates.    

  

Real gas effects at high speeds and other phenomena such as ionization can also be included. 
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